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Abstract

In this paper, we study the existence and uniqueness of solution of differential
equation of finite delay with nonlocal condition in cone metric space . The result is
obtained by using the some extensions of Banach’s contraction principle in complete
cone metric space.

1 Introduction

The purpose of this paper is study the existence and uniqueness of solution of inhomogeneous

semilinear evolution equation with nonlocal condition in cone metric space of the form:

o' (t) = Az(t) + f(t,z(t),z(t — 1)), teJ=1]0,b] (1.1)
a(t—1) =) 0<t<1. (1.2)
2(0) + g(x) = o, (1.3)

where A is an infintesimal generator of strongly continuous semigroup of bounded linear
operator T(t) in X with domain D(A), the unknown z(-) takes values in the Banach space
X; f:IxXxX — X,g:C(J,X)— X are appropriate continuous functions and x, is
given element of X. v(¢) is a continuous function for 0 <t < 1, tgi?ioq/)(t) exists, for which
we denote by (1 — 0) = ¢q. if we observed a function (¢ — 1) which is unable to define as
solution for 0 <t < 1. Hence, we have to impose some condition, for example the condition
. We note that, if 0 <t < 1, the problem is reduced to integrodifferential equation

2(t) = Ax(t) + f(t, x(t), ¥(t))

with initial condition z(0) + g(x) = xo. Here, it is essential to obtain the solutions of

([T1)-(T3) for 0 < t < b.
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The objective of the present paper is to study the existence and uniqueness of solution of
the evolution equation f under the conditions in respect of the cone metric space
and fixed point theory. Hence we extend and improve some results reported in [6].

The paper is organized as follows: we discuss the preliminaries. we dealt with study
of existence and uniqueness of solution of inhomogeneous evolution equation with nonlocal

condition in cone metric space.

2 Preliminaries

Let us recall the concepts of the cone metric space and we refer the reader to [1L 2, 3], 4, 5] [6]
for the more details.

Let E be a real Banach space and P is a subset of £/. Then P is called a cone if and
only if,

1. P is closed, nonempty and P # {0};
2. a,beR, a,0>0,x,y e P= axr+ by € P,
3. re€Pand —xr€ P=2=0.

For a given cone P C FE, we define a partial ordering relation < with respect to P by
x <y if and only if y —x € P. We shall write x < y to indicate that x <y but x # y, while
r << y will stand for y — x € intP, where int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that 0 < z < y implies
|z|| < K||yl|, for every z,y € E. The least positive number satisfying above is called the
normal constant of P.

In the following we always suppose F is a real Banach space , P is a cone in E with

mtP # ¢, and < is partial ordering with respect to P.

Definition 2.1 Let X be a nonempty set. Suppose that the mapping d : X x X — F

satisfies:

(d1) 0 <d(z,y) for all z,y € X and d(x,y) = 0 if and only if = = y;
(dy) d(z,y) = d{y,), for all 2,y € X:

(d3) d(z,y) < d(z,z)+d(z,vy), for all z,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space. The concept

of cone metric space is more general than that of metric space.

The following example is a cone metric space, see [?].
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Example 2.2 Let E=R? | P={(z,y) e E:2,y >0}, X =R,andd: X x X - F
such that d(x,y) = (Jr — y|,a|z — y|), where @ > 0 is a constant. Then (X,d) is a cone

metric space.

Definition 2.3 Let X be a an ordered space. A function & : X — X is said to a
comparison function if for every z,y € X, x <y, implies that ®(z) < ®(y), ¢(x) < z and
lim, o0 [|@™(x)]| = 0, for every z € X.

Example 2.4 Let E = R? | P = {(x,y) € E : z,y > 0}. It is easy to check that @ :
E — E, with ®(z,y) = (az, ay), for some a € (0,1) is a comparison function. Also if ®;, ®y
are two comparison functions over R, then ®(z,y) = (®1(x), P2(y)) is also a comparison

function over E.

3 Existence and uniqueness of solution

Let X is a Banach space with norm || - ||. Let B = C(J,X) be the Banach space of all

continuous functions from J into X endowed with supremum norm
[2]loe = sup{llz(@)]| - t € J}.

Let P = {(z,y) : z,y > 0} C E = R? be a cone and define d(f,g) = (|| f — 9lloo, @/l f — 9|o0);
for every f,g € B. Then it is easily seen that (B, d) is a cone metric space.

Definition 3.1 The function x € B satisfies the integral equation
case I :for0<t <1

() = (1) — g(x)] +/D T(t — 5) f(s,m(s),2(s — 1))ds, (3.1)

case II :for1 <t <b
2(t) = T(t)[xg — g()] + / T(t - s)f(s,x(s), 2(s — 1))ds

t
(Ol — gla)) + [ T 9)f(s.a(5), (s - D), (3.2)
1
15 called the mild solution of the evolution equation f.

We need the following lemma for further discussion:

Lemma 3.2 [3] Let (X,d) be a complete cone metric space, where P is a normal cone
with normal constant K. Let f : X — X be a function such that there exists a comparison
function ® : P — P such that

d(f(z), f(y)) < @(d(z,y)),
for every x,y € X. Then [ has a unique fized point.
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We list the following hypotheses for our convenience:

(Hy) A is an infintesimal generator of strongly continuous semigroup of bounded linear
operator T(t) in X for each t € J, and hence there exists a constant K such that

K =sup [|T(t)].

teJ

(Hy) Let @ : R* — R? be a comparison function.

(1) There exists continuous function pq,ps : J — RT such that
case I :for 0 <t <1

(I 2(8),0(0) = £ y@, B all £ w0, 6(0) = £ y(@) @I

< mH®(d(.y)),

case Il for 1 <t < b

(7t (), 2t = 1) = S (& (@), y(t = DI ll £ 2(t), 2t = 1)) = F(ty(0), v = D))

< po(t)0(d(.9))

(lg(x) = gl allg@) = 9wl ) < G (d(z.v),

for every t € J and z,y € X.

teJ

(H3) sup [KG + /OtK[pl(s) +p2(s)]ds] =1.

Theorem 3.3 Assume that hypotheses (Hy) — (Hs) hold. Then the evolution equation

f has a unique solution x on J.

Proof: The operator F': B — B is defined by
case Il for 0 <t <1

Fz(t) =T(t)[xo — g(x)] + /0 T(t—s)f(s,z(s),z(s — 1))ds, (3.3)

case Il for 1 <t < b

Fx(t) = T(t)[xo — g(x)] +/O T(t—s)f(s,z(s),z(s —1))ds
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()0 — g(2)] + /1 T(t — 5) (s, 2(s), 2(s — 1))ds, (3.4)

By using the hypotheses (H;) — (Hj3), we have
case I for 0 <t <1

(I1F2() = Fy(@) ] allFa(t) - Fy()])
smewm@—g@m+AWW@—@Mﬂaa@w@»—ﬂaw@w@mua
WT@waw—g@m+aéﬂwu—@wﬂ&ﬂ@w@»—ﬂaﬁ@w@mwa
<1 (llg) - 9wl allgle) - g(w)l)
-3[Kﬂuaﬂ@mw»—ﬂaﬂ$w@mmwﬂamﬁw@»—ﬂaﬁ@w@mow
SKeéwx—ywmm—ym+1AUQMQ¢QM@»—M$wwmww—M$md8

t
< KGO (Ja = ylwsalls = yllw) + 2o = vlls e~ yl) [ Kmn(s)ds
0

< KGo (d(m,y)) + @(d(x,y)) /Ot Kpi(s)ds

IN

@(d(m,y)) [KG + /Ot Kpl(s)ds]
< 0 (dr) [KG+ [ Klpn(s) +palol]

< o(d(z,y)). (3.5)

By using the hypotheses (H;) — (H3), we have
case Il for 1 <t < b

(1P (@) = Fy(t)l allFa(t) - Fy()])
UTUmm<> g+ Tt = 5)]

<[ 16 (61 06Dlds + [ 170569205 = 1) = FGs,0(5)uts — 1))
o T(D)llo(x) ~ 9(u) + ol Tt~ 5)|
<[ 16 (06l + [ 1705051, = 1) = s, (s — V)]s

suTou@w> gl allg(x) - <>D
+Afdwww@mw»—ﬂammw@wawwm@m@»—ﬂ&maw@mws
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+[meﬂaa@m@—1»—ﬂa%ﬁw@—1»wau@m@»ﬂs—ny—ﬂaM@w@—lme
< K60l ~ ylsllr = yllc) + @ (o = vlesale ~ sl [ Kin()ts + [ Kpats)as]
< 16 (atr) + 0 (dr0)) [ K0i() + o)+ [ K6) + o)

< @ (dw) [KG+ [ Klpn(s) +patoas]

< @(d(x, y)> (3.6)

for every x,y € B. This implies that d(F:E, Fy) < @(d(a:, y)), for every x, y € B. Now
an application of Lemma [3.2] the operator has a unique point in B. This means that the
equation (1.1)—(1.2)) has unique solution. This completes the proof of the Theorem
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